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A distance function on the set of physical equivalence classes of Yang-Mills cong-
urations considered by Feynman and by Atiyah, Hitchin and Singer is studied for both
the 2 + 1 and 3 + 1-dimensional Hamiltonians. This set equipped with this distance
function is a metric space, and in fact a Riemannian manifold as Singer observed. Fur-
thermore, this manifold is complete. Gauge congurations can be used to parametrize
the manifold. The metric tensor without gauge xing has zero eigenvalues, but is free
of ambiguities on the entire manifold. In 2 + 1 dimensions the problem of nding the
distance from any conguration to a pure gauge conguration is an integrable system
of two-dimensional dierential equations.
A calculus of manifolds with singular metric tensors is developed and the Riemann
curvature is calculated using this calculus. The Laplacian on Yang-Mills wave func-
tionals has a slightly dierent form from that claimed earlier.
In 3+1-dimensions there are eld congurations an arbitrarily large distance from a
pure gauge conguration with arbitrarily small potential energy. These congurations
resemble long-wavelength gluons. Reasons why there nevertheless can be a mass gap
in the quantum theory are proposed.




The Schro¨dinger representation is certainly the most powerful for visualizing and solv-
ing nite-dimensional quantum systems. This is undoubtedly why it is emphasized
more than the Heisenberg and interaction representations, even in advanced textbooks
on quantum mechanics. It is is just as useful in eld theory as the interaction rep-
resentation or path integrals for developing the rules of perturbation theory (though
somehow this fact is not as often emphasized in textbooks) [?]. There is also a concep-
tual value to the notion of a quantum wave functional [?]. For a long time there has
been the hope that a variational method might give a reasonable approximation to the
vacuum of the Yang-Mills Hamiltonian [?]. Even should this turn out not to be the
case, wave functionals of eld congurations are easier to visualize than the abstact
states of the Heisenberg representation and are worth investigating further.
Serious attempts to understand the long-distance physics of Yang-Mills theories
in the Schro¨dinger representation were made by Feynman (in 2 + 1 dimensions) [?]
and by Singer [?]. These papers concerned the geometrical properties of the space
of the physical congurations of the gauge eld. This innite-dimensional space is
dierent in character from that of simpler eld theories. In particular, two gauge elds
which dier by a gauge transformation (one has the option of insisting that this gauge
transformation is of Chern-Simons number zero in 3+1 dimensions) must be identied
as the same point of conguration space.
Feynman discussed the notion of distance between two eld congurations [?]. He
attempted to minimize this distance by making gauge transformations. In this way,
he obtained an estimate for the distance between a pure gauge conguration and a
conguration with a constant magnetic eld. The point of doing this was to estimate
the electric energy of certain wave functionals and thereby to minimize the total energy.
On the basis of this result, he gave a conjecture for the lightest glueball state of the
2 + 1-dimensional theory. In fact, the minimal distance had been already discussed by
Atiyah, Hitchin and Singer, who used it to calculate the dimension of the moduli space
of instantons [?].
Singer dened an inner product on the conguration space and discussed how to
regularize tensor contractions so that the eigenvalues of the Ricci tensor and the Lapla-
cian (which is the kinetic term of the Yang-Mills Hamiltonian) were well-dened [?].
The rst work along similar lines can be found in the papers by Babelon, Viallet,
Mitter, Narasimhan and Ramadas [?, ?]. In particular, Babelon and Viallet studied
geodesics on this space (and thereby classical dynamics with no potential energy) [?].
A diculty encountered in [?] was that geodesic motion appeared ill-dened at points
of the manifold where the operator D2 has zero eigenvalues.
Recently an important advance was made by Karabali and Nair [?], who discovered
a gauge-invariant description of Yang-Mills theories in 2+ 1 dimensions. Their method
solves the constraint of Gauss’ law and they have been able to show the existence of
a gap at strong coupling. They have also made some arguments for the persistence of
this gap at any coupling [?].
In this article, the conguration space of the Yang-Mills theory is investigated using
general methods, some of which are not specic to the number of dimensions. The issue
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of mass generation is confronted, but not that of color connement.
After introducing the notation and reviewing the relevant physics in section 2, a
heuristic way to eliminate Gauss’ law from the A0 = 0 Yang-Mills theory is discussed
in section 3. The methods used to study gauge theories in references [?, ?, ?] start
from the same standpoint. The diculty raised in [?] concerning zero modes of the
covariant operator D2 is shown. Because of this problem, such a formalism cannot be
accepted on faith, and it is carefully justied through the results of sections 4, 5 and
6. In the correct metric tensor, these zero modes do not present a problem.
A distance function motivated by Feynman’s analysis [?] is investigated and found
to dene a metric space in section 4. This distance function coincides with that of
Atiyah et. al. [?], though it will not be considered only on self-dual connections.
Furthermore, with this metric, the space of physical congurations is complete, meaning
roughly that there are no \holes" in this space. In section 5, it is found that this
distance function is also the \best" choice, in that the distance between two points
is the length of a minimal curve connecting these points. In fact, this property had
been conjectured by Babelon and Viallet [?]. In section 6, the distance function is used
to dene the Riemannian manifold where the gauge connection itself is used as the
coordinate. This is a very dierent choice of coordinates from that taken in references
[?, ?, ?]. It is shown that this can be done everywhere on the manifold, in spite of
the fact that the metric tensor has zero eigenvalues. The problem with zero modes of
D2 [?] is completely resolved. Since singular metric tensors are rarely used, a review
and a simple nite-dimensional example are given in the appendix. Gauss’ law can
be solved in any dimension of space-time. The Hamiltonian is not local (this is also
the case for a physical gauge condition, such as the axial gauge, and also in a polar
representation of the gauge eld [?]). For non-innitesmal distances, it is hard to
calculate the distance function explicitly, but in section 7 it is shown that for some
interesting cases in 2 + 1 dimensions its calculation can be reduced to the solution of
an integrable set of dierential equations.
There are various theorems relating the eigenvalues of Ricci tensor to the spec-
trum of the Laplacian [?]. Ultimately, these results may be of value to the Yang-Mills
Hamiltonian. The validity of these theorems usually depends upon the manifold having
compact closure. This is probably not true of the unregularized Yang-Mills congura-
tion space, but is certainly so if the theory is put on a nite lattice [?]. In section 8
the curvature tensor is found at points where zero modes are not present [?, ?], but no
application of these results is made to the spectrum.
Once the metric on the manifold of Yang-Mills congurations is known, the kinetic-
energy operator (in other words the electric energy) can be obtained. This operator,
the coordinate-invariant Laplacian, is found in section 9. The result diers in two
respects from that obtained by previous authors [?, ?]. First of all, the zero modes of
D2 present a complication, which leads to a slightly dierent metric tensor. Secondly,
even with the correct metric tensor, an additional term is present in the Laplacian,
which had been missed in references [?, ?].
In section 10 some unusual aspects of the magnetic energy functional are investi-
gated for dierent dimensions of space-time. In 3 + 1 dimensions, for at least some
regions of the manifold of congurations, the \hills and valleys" of the potential energy
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are extremely steep. In particular, there are regions a small geodesic distance from
any pure gauge of extremely large potential energy. What is even more striking is that
there exist points on the manifold of arbitrarily large geodesic distance from any pure
gauge, yet possess arbitrarily small potential energy; this is very surprizing for a theory
which is expected to have a mass gap in the spectrum. In contrast, the potential energy
of the 2 + 1-dimensional model can have any positive value for congurations a xed
distance from the pure gauge conguration. Discussion of the origin of the mass gap
for 2 + 1 and 3 + 1 dimensions (in spite of the diculty noted above!) is in Section 11.
The philosophy here diers radically from that of most people currently working
in this eld [?, ?, ?, ?, ?] in one signicant respect. The space of Yang-Mills con-
nections (discussed here for only connections in space with A0 = 0, rather than for
the Euclidean path integral) is not restricted to conguration space (or orbit space)
by some sort of gauge xing. Instead the points of congurations space are dened as
equivalence classes of connections, and no restrictions whatever are imposed on these
connections. In this sense, the approach here is similar in spirit to that of Friedberg et.
al. [?]. The problem of nding the fundamental region (or the interior of the Gribov
horizon) has been traded for a singular metric tensor. Metric tensors with vanishing
eigenvalues introduce subtle new features into dierential geometry, but as shown in
the appendix, they present no inconsistencies. So-called reducible connections [?], i.e.
gauge congurations which are invariant under a subgroup of gauge transformations
present no diculty in dening the Laplacian on conguration space. It is argued
that they are also not relevant in the calculation of inner products between certain
wave functionals (though this issue needs to be examined more carefully). This will be
briefly discussed at the end of section 6.
Since the literature on the conguration space of Yang-Mills gauge theories is by
now quite extensive, it is important to say at the outset what in this paper can or
cannot be found elsewhere. The ideas discussed in section 3 are not new and can be
found in either references [?]. While many of the ideas of sections 4, 5 and 6 can be
found in references [?, ?, ?, ?, ?], the ideas are tied together in a way which is entirely
new and the main results are slightly dierent. Most importantly, it is shown that the
metric tensor and geodesic trajectories are well-dened even at so-called non-generic
points (where there are zero modes of D2). Singer presented the curvature tensor for
other points in his paper [?], as did Babelon and Viallet [?]. This tensor is calculated
using the methods introduced in this paper in section 8, though the result of this
calculation is not new. The kinetic term of the Yang-Mills theory obtained in section
9 diers in certain respects from that claimed earlier [?, ?]. As far as I know, none of
the results presented in sections 7, 9, 10 and 11 can be found elsewhere.
As I have found the properties of the manifold of physical Yang-Mills congurations
hard to visualize, I have tried to use careful denitions and theorems in sections 4, 5
and 6, so as not to prove wrong results. These sections use some basic concepts of real
analysis and integration theory, but are hopefully accesible to those physicists who are
not well-versed in these concepts. No attempt to be completely rigorous is made in
rest of the paper.
4
2 Preliminaries
The main purpose of this section is to establish some notation, conventions and def-
initions which will be used in the remainder of the article. Those initiated into the
Hamiltonian formulation of gauge theories will not nd anything particularly new until
section 3.
The dimension of space-time is denoted by D + 1. Let ta be an orthonormal basis
for the fundamental repesentation su(N), the Lie algebra of the group SU(N). This
basis can be chosen so that tr tatb = a b and [ta; tb] = fa b c tc. A gauge eld A is an
su(N)D-valued Aj(x), j = 1; :::; D on a D-dimensional manifold M , whose points will
be denoted by letters x; y; z. The covariant derivative operator for the gauge eld A is
DAj = @j − iAj, which will sometimes just denoted by Dj , depending on the context.
The adjoint representation of the covariant derivative is Dj  [Dj; ]. The curvature or





A gauge transformation is any dierentiable mapping of M into the fundamental
representation of SU(N). The space of gauge transformations will be written G (in
other words h  G means h(x) 2 SU(N)). Let A(x) = Aa(x) ta 2 su(N) be a gauge
eld. If B(x) = Ba(x) ta 2 su(N) such that A can be changed to B by a gauge
transformation h 2 G , i.e. h(x)−1DA (x)h(x) = D
B , then A and B will be said to
be gauge-equivalent, sometimes expressed as B = Ah. Clearly gauge equivalence is
an equivalence relation. For D 6= 3 two gauge-equivalent elds will also said to be
physically eqivalent.
For the case of D = 3 a subtlety arises which permits (but does not require) the
denition of a dierent equivalence relation [?]. With this denition, a pair of gauge-
equivalent gauge elds are not neccesarily physically equivalent. Suppose that M is
taken to be R3 with all gauge elds falling o at innity as
Aj(x) −! −i h(x)
−1@jh(x) +O(1=x) :





d3x "i j k tr h(x)−1@ih(x) h(x)
−1@jh(x) h(x)
−1@kh(x) ; (1)
which is an integer. One has the option of insisting that two gauge congurations A
and B are physically equivalent only if h(x)−1DA (x)h(x) = D
B , with [h] = 0. Now if
h; f  G are two gauge transformations, then [hf ] = [h] +[f ]. This property means
that :
 [h] = [f ] is an equivalence relation and therefore the gauge transformations
with a particular Chern-Simons number  constitute an equivalence class G and
 physical equivalence of gauge elds is an equivalence relation.










which is changed under a gauge transformation satisfying (1) by n[A] ! n[Ah] =
n[A] + [h]. Thus the Chern-Simons index is the same for each element of a physical-
equivalence class making it sensible to write n[A] = n[].
The Hamiltonian of the SU(N) Yang-Mills theory in A0 = 0 (temporal) gauge in















The allowed wave functionals Ψ satisfy the condition that if A and B are physically
equivalent
Ψ[A] = Ψ[B] : (4)
The space of gauge eld congurations (or connections) will be denoted by U . The
physical conguration space (sometimes called the orbit space) is then U=G  MD
when D 6= 3 and U=G0  M3 when D = 3. In other words, for D 6= 3, conguration
space, MD is dened to be the set of gauge-equivalence classes of gauge elds (these
were already dened to be physically equivalent). For D = 3, conguration space M3
is dened to be the set of physical-equivalence classes of gauge elds. The elements of
MD will be called physical congurations. The physical congurations containing the
gauge elds A;B; S; ::: 2 U will be respectively denoted ; ; ; ::: 2 MD. Thus, A is
physically equivalent to B if and only if  = . By (4), wave functionals depend only
on physical congurations ( inMD), not gauge congurations (A in U).
3 Projecting out gauge transformations
Can one modify the form of the Hamiltonian (3) so that (4) is unneccesary? A simple



















tr F 2j k(x) ; (5)
where




is a projection operator which vanishes on innitesmal gauge transformations h(x) 
1 − i!, that is G−1j kDk! = 0. For D = 3, G
−1 neccesarily vanishes on gauge transfor-
mations whose Chern-Simons number is zero.
The reader may have noticed a serious problem. The operator D2 can have eigen-
vectors with zero eigenvalues [?]. How should the Green’s function 1=D2 in (6) be
interpreted in this case?
It is useful to introduce a generalization of the inverse of an operator. If  is
any operator on a space with orthonormal basis fjX)g and jX) = X jX), then the
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−1X jX)(Xj : (7)
In the event that D2 has zero modes [?], its inverse can be made well-dened using
(7). However, it is not obvious that this is the correct prescription. It will be shown in
section 6 that precisely (7) must be used to dene the inverse of D2. This means that
(6) is incorrect and must be replaced by




where P denotes the principal value. This is equivalent to using (7) to dene the














The operator G−1 dened in (6) or (8) is formally idempotent (it is equal to its
square), hence, if it is meaningful, each of its eigenvalues can only be either zero or
one. It does not have an inverse except in the sense of (7). According to this denition
G−1 is its own inverse, G = G−1; it plays the role of the identity on the space of
connections modulo small gauge transformations.











This resembles a covariant Laplacian on a Riemannian metric space with metric tensor
G, since the determinant of the idempotent operator G, upon removal of zero modes,
is equal to one and G = G−1. It turns out, however, that (9) is still the wrong answer,
even with the correct metric (8). There is another term present.
Before taking these ideas seriously, several problems need to be dealt with. The
problem of inverting D2 [?] must be solved. It needs to be veried that the compli-
cated operator (8) has no zero modes other than small gauge transformations; other
dierential operators certainly do [?]. These problems will be solved in section 6. The
Laplacian needs to be determined, as will be done in section 9. It is perhaps notewor-
thy that the Hamiltonian of the form (5) is easily shown to be correct for an Abelian
gauge theory.
The reader may wonder why is is really valuable to study the Laplacian in the
approach of this paper and references [?, ?, ?, ?], when a perfectly good denition of
the quantized Yang-Mills theory already exists; the lattice gauge theory. On the lattice,
at strong coupling, it is possible to implement Gauss’ law to obtain only physical states,
at least on a case by case basis; they are strings. However, even with a lattice theory,
it is dicult to get much intuition about the weak coupling spectrum. An axial gauge
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eliminates the Gauss’ law constraint, but at the cost of introducing dicult boundary
conditions and an unmanageble kinetic term. The methods introduced here are not
intended to compete with the lattice, but rather to have a better understanding of the
geometry of the manifold MD and the potential energy function on this manifold. A
lattice discussion should be very useful and will appear in reference [?].
In the next section a distance function will be dened; in section 6 it will be shown
that the innitesmal form of this distance function exists and that the metric tensor
is G, as dened in (8). There are various theorems relating the eigenvalues of Ricci
tensor to the spectrum of the Laplacian [?]. Ultimately, these results may be of value
to the Yang-Mills Hamiltonian. The validity of these theorems usually depends upon
the manifold having compact closure. This is probably not true of the unregularized
Yang-Mills conguration space, but is certainly so if the theory is put on a nite lattice
[?]. The curvature is is found at points where zero modes are not present [?, ?] in
section 8. The Laplacian is determined in section 9.
4 The metric space of congurations
This section and sections 5 and 6 presuppose some knowledge of unsophisticated as-
pects of analysis on the part of the reader, such as completeness, total boundedness,
compactness, measure and Hilbert spaces [?]. However, it is hoped that most theoret-
ical physicists, who usually do not feel the need of such concepts, and perhaps have
happily forgotten them, will be able to follow the line of argument.
First a distance function will be dened [?, ?]. Feynman found an estimate of this
distance function between the pure gauge conguration and a conguration of constant
magnetic curvature for D = 2. The discussion here will be more general, and it will be
shown that MD equipped with this function is a metric space. This fact has already
been noted for the case of self-dual connections [?]. The value of establishing this
is that the distance function must be therefore a continuous function of the physical
congurations. This is one of the essential ingredients needed to show that the manifold
can be equipped with a Riemannian metric. Furthermore, this metric space is complete.
It will be shown in section 6 that the metric tensor dened with this distance function
is (8). A general reference on metric spaces from the geometric point of view is the
book by Aleksandrov and Zalgaller [?].
Some more careful denitions are needed. The space of connections U is redened to
contain only those gauge elds which are measurable (in the sense of Lebesgue), dier-

















Two gauge elds A and B 2 U are identied if they are the same except on a set of
measure zero. In other words, no distinction is made between gauge elds which are
the same almost everywhere. Thus the space U is a Hilbert space. Furthermore, G
and G do not consist of any SU(N) valued functions g(x), but only those which are








Any element of U is mapped into another element of U by such a gauge transformation.
Notice that two almost-everywhere equal gauge elds are still equal almost everywhere
after such a gauge transformation.
Let  and  be two physical congurations. Let GD = G for D 6= 3 and GD = G0
for D = 3. The distance function on MD is dened by
[; ] = inff
q
I [A;B;h; f ] : A 2 ;B 2 ; h 2 GD; f 2 GDg ; (10)
where



















For the non-practitioner of real analysis, who may be discouraged by the notation, the
right-hand-side of equation (10) means \the greatest lower bound of the set of values
taken by
q
I [A;B;h; f ] for any A 2 , B 2 , h 2 GD, and f 2 GD". Since the
gauge connections are square integrable the integral (11) always converges, but is not
bounded from above. The distance [; ] can be either zero or any positive real number.
Since for any j  G
I [A;B;h; f ] = I [A;B;hj; fj] ; (12)
It is possible to simplify somewhat (10) to
[; ] = inff
q
I [A;B;h] : A 2 ; B 2 ; h 2 GDg ; (13)
where I [A;B;h]  I [A;B;h; 1]. However, sometimes (10) is more convenient to use
than (13) as will be seen below.
The function [; ] is called a metric on MD, if for any ,  and  inMD
[; ]  0 ; (14)






Figure 1: Consider a family of curves in the two-dimensional plane. If the distance
between two curves is dened as the length of the shortest line connecting them, then
this distance does not always satisfy the triangle inequality. Here the distance from
curve C1 to curve C2 plus the distance from curve C2 to C3 is less than the distance
from curve C1 to C3.
[; ] + [; ]  [; ] ; (16)
[; ] = 0 ()  =  : (17)
If these properties are satied, then MD together with [; ] is called a metric space.
By this denition some physical examples of manifolds for which \metrics" are dened
are not really metric spaces (Minkowski space for example). Of these four properties,
the three which are most obviously true are (14), (15) and (17) (this last follows from
the fact that \equal" gauge elds are dened to be those which are equal almost
everwhere). In order to be able to prove some very basic analytic properties, e.g., that
any convergent sequence must be a Cauchy sequence, and [; ] a continuous function
of its arguments, that the space is Hausdor, etc. it is neccesary that the triangle
inequality (16) be satised.
The validity of (16) is not entirely trivial. In general, coset spaces in Euclidean
spaces do not satisfy the triangle inequality. As an example, consider a family of
curves in R2 (see gure 1). If two points x; y 2 R2 lie in the same curve, write x =C y.
Clearly =C is an equivalence relation. A distance between two equivalence classes (that
is, two curves) can be dened as the minimum of the distance between a point on one
curve and a point on the other. This distance does not satify the triangle inequality
for an arbitrary choice of three elements of the coset space.
Proposition 4.1 : The function [; ] saties the triangle inequality (16).
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Proof: Notice that for any gauge elds A 2 , B 2  and S 2  and any gauge
transformations h; f; j  GDq
I [A;B;h; f ] +
q
I [B; S; f; j]
q
I [A; S;h; j] :
Given any real  > 0, it is possible to chose h and f so that
q
I [A;B;h; f ] = [; ]+=2
(by the denition of the greatest lower bound). By property (12) there exists a j such
that
q
I [B; S; f; j] = [; ] + =2. Therefore
[; ] + [; ]
q
I [A; S;h; j]−   [; ]−  :
Since  is arbitrary (16) follows.
A complete metric space is one for which any Cauchy sequence, i.e. a sequence
where progressive points get closer to each other, always has some unique limit point
[?] (the converse is always true by the triangle inequality). Thus a complete metric
space has no pathological properties, such as isolated points or closed domains being
\missing" from the space. More precisely, a sequence 1, 2,...,n,... is a Cauchy
sequence if for any real  > 0, there exists an integer R such that if n;m > R, then
[n; m] < .
Proposition 4.2 : The metric space MD is complete.
Proof: It is useful to rst dene the metric on the space of gauge connections, U . For
A, B 2 U , this is
kA− Bk =
q
I [A;B; 1; 1] :
With this metric, U is a complete metric space (in fact, a Hilbert space). Let 1,
2,...,n,... be a Cauchy sequence. Then for any  > 0 there exists some R such that
for n;m > R, [n; m] < =2. From the denition of the metric and from property
(12) it is possible to nd A1 2 1, A2 2 2,..., Ak 2 k, such that for n;m > R
kAn − Amk = [n; am] + =2 < . Thus, since k  −  k is a metric on a complete
metric space U , the sequence A1, A2,...,An,... converges in this metric. Since [; ] is
bounded above by kA− Bk, the sequence 1, 2,...,n,... therefore converges inMD.
By standard methods in the calculus of variations, the lower bound in (10) is in
fact saturated. This is actually a consequence of the completeness of the metric k −k
in U . Consequently, the inmum can be replaced by the absolute minimum:
[; ] = minf
q
I [A;B;h; f ] : A 2 ;B 2 ; h 2 GD; f 2 GDg : (18)
There is no reason to expect that for a given A in  the choice of B in  which attains
this minimum will be unique.
Though complete, the metric spaceMD is not compact, for it is not totally bounded
or even bounded. It is possible to make the space bounded in a variety of ways. For
example, one can dene
V;[; ] = inff
q
IV;[A;B;h; f ] : A 2 ;B 2 ; h 2 GD; f 2 GDg ;
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tr[Ah− Bf ]2 g2
;
It can be shown with some work that this distance function is a metric and that the
metric space so dened is complete. The reader will notice that there is an upper
bound on this distance: V;[; ]  V 2=2. However, while this metric space is
bounded, it is not obviously totally bounded. I do not have a proof that the space
is not totally bounded, but this possibility seems rather remote. This is unfortunate,
for a space of compact closure is needed to prove many of the standard results on
the spectra of coordinate-invariant Laplace operators [?] (I don’t know which of these
results are generally true without assuming compact closure). In fact, the only way I
know of to make the space of gauge congurations compact is to use a lattice, which
will be discussed in a later publication [?]. A distance function analogous to [; ]
can be dened on a lattice. When the lattice is nite, this has the virtue of making
MD a compact manifold. Futhermore, the metric tensor is still idempotent, making it
possible to dene the generalized inverse (7).
It is not easy to calculate the distance between two arbitrary physical congurations.
In particular, the variational problem of nding the gauge transformations minimizing
I [A;B;h; f ] is a nonlinear set of dierential equations. In section 7, it is shown that
for D = 2 and B a pure gauge, these equations are completely integrable.
5 Geodesics and the intrinsic metric in MD
The geodesics on MD were found by Babelon and Viallet [?] using the tangent-space
inner product of Singer [?]. They also conjectured that the distance function [; ]
is the geodesic distance function between two congurations  and  in MD. What
is interesting is that even before doing any Riemannian geometry (which takes some
justication! See section 6) the geodesics can be easily found from the denition of the
metric [; ] in equations (10) and (11) using unsophisticated methods. Furthermore,
Babelon and Viallet’s conjecture is simple to verify.
In any metric space, there is a second metric, called the intrinsic metric r[; ]
dened as the minimal length of a curve (parametrized by a real number) connecting
two points [?]. It is not hard to prove that r[; ] satises all the conditions of a metric
space. It is easy to show that for any two congurations  and , r[; ]  [; ].
Furthermore, the two metrics are asymptotically equal as the two points coalesce.
What will be shown in this section is that not only is the intrinsic metric r[; ]
bounded above by [; ], but the two metrics are actually the same (as conjectured in
reference [?]). Thus the distance dened in section 4 between two gauge congurations
is the length of a minimal curve joining them together. This curve corresponds to a
particular straight line in U (though it is certainly not straight inMD).
Only minimal geodesics bewteen pairs of points will be considered in this section.
The intrinsic metric between two points,  and 
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